A Note on the Characteristics of Möbius Transformations, II  by Niamsup, Piyapong
Ž .Journal of Mathematical Analysis and Applications 261, 151158 2001
doi:10.1006jmaa.2001.7485, available online at http:www.idealibrary.com on
A Note on the Characteristics of Mobius¨
Transformations, II
Piyapong Niamsup
Department of Mathematics, Chiangmai Uniersity, Chiangmai, 50200 Thailand
E-mail: scipnmsp@chiangmai.ac.th
Submitted by Themistocles M. Rassias
Received June 6, 2000
In this paper, we give some invariant characteristic properties of a certain class
of Mobius transformations by means of their mapping properties.  2001 Academic¨
Press
Key Words: Mobius transformations; Schwarzian derivative; Newton derivative.¨
1. INTRODUCTION
Ž .Throughout the paper, unless otherwise stated, let w f z be a non-
constant meromorphic function on the complex plane . It is well known
Ž .that for w f z to be a Mobius transformation, it is necessary and¨
Ž .sufficient that w f z satisfies Property A.
Ž .Property A. w f z maps circles in the z-plane onto circles in the
w-plane, including straight lines among circles.
The following property of Mobius transformations is also well known:¨
Ž . Ž .THEOREM A. w f z is a Mobius transformation iff S z  0 for all¨ f
1 2 Ž . 4 Ž . Ž Ž . Ž .. Ž Ž . Ž ..z z : f  z  0 , where S z  f  z f  z  f  z f  z ,f 2
Ž .which is called the Schwarzian deriatie of f z .
 Recently, in 14 , Haruki and Rassias gave several new invariant
characteristic properties of Mobius transformations by considering their¨
 mapping properties. In 5 , we proved these results by using the fact that
Mobius transformations preserve the cross ratio of four distinct points and¨
gave several new invariant characteristic properties of Mobius transforma-¨
tions. For the sake of completeness, we shall give some definitions and
 results obtained in 5 which are related to the results in this paper.
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  Ž .DEFINITION 1.1 5 . We define the Newton derivative of f z as the
Ž .first derivative of Newton’s method of f z . In other words, we define the
Ž .Newton derivative of f z as
f z f z f  zŽ . Ž . Ž .N z  z  .Ž .f 2ž /f  zŽ . f  zŽ .Ž .
u  Ž .LEMMA 1.2 5 . f z is a Mobius transformation of the form , u 0,¨ z 
Ž .  Ž . 4iff N z  2 for all z z : f  z  0 .f
  Ž .Property B 5 . Suppose that w f z is analytic and univalent in a
nonempty domain R on the z-plane. Let  be an arbitrary fixed real
Ž .number such that  0, . For three arbitrary distinct points a, b, and
c in R satisfying
a b
arg   ,ž /c b
we have
f a  f b f cŽ . Ž . Ž .
arg    .ž /f c  f b f aŽ . Ž . Ž .
  Ž .THEOREM 1.3 5 . Let w f z be analytic and unialent in a nonempty
domain R on the z-plane. Then f satisfies Property B iff f is a Mobius¨
utransformation of the form , u 0.z 
Remark 1. To prove the ‘‘sufficiency’’ part of Theorem 1.3, we show
Ž .  Ž . 4that N z  2 for all z z : f  z  0 , which implies that f is af
uMobius transformation of the form , u 0, by Lemma 1.2.¨ z 
In the next section, we will give some characterization of Mobius¨
uz transformations of the form where  0.z
2. RESULTS
We first give the following result, which is similar to Theorem A and
Lemma 1.2 in the previous section:
uz  2Ž . Ž . Ž .LEMMA 2.1. f z  , where  0 iff f  z f  z  for allz z
 Ž . 4z z : f  z  0 .
uz Ž .Proof. Let f z  , where  0. It is straightforward to checkz
2 2Ž . Ž . Ž . Ž .that f  z f  z  . Conversely, let f  z f  z  for all zz z
 Ž . 4z : f  z  0 . Then we obtain
1 2
df  z  dz ,Ž .
f  z zŽ .
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which implies that
ln f  z ln z 2  ln cŽ .
for some nonzero complex constant c. Thus
c
f  z Ž . 2z
and we have
c
f z   dŽ .
z
for some complex constant d. This completes the proof.
In order to prove our results, we also need the following well-known
result:
Ž . Ž .LEMMA 2.2. If f z and g z are analytic functions in a nonempty
Ž . Ž . Ž Ž .. Ž Ž ..domain R and f z g z  0 in R and also arg f z  arg g z holds in R,
Ž . Ž .then f z  Kg z in R, where K is a positie real constant.
We now consider the following.
Ž .Property C. Let w f z be analytic and univalent on a nonempty
Ž .domain R. Let  0, . Let a, b, and c be three distinct points in R
satisfying
a b c
arg    .ž /c b a
Then
f a  f bŽ . Ž .
arg   .ž /f c  f bŽ . Ž .
Ž .THEOREM 2.3. Let w f z be analytic and unialent on a nonempty
uz Ž . Ž .domain R, where 0 R. Then w f z satisfies Property C iff f z  ,z
where  0.
uz Ž .Proof. Suppose that f z  , where  0. Let a, b, and c bez
three distinct points in R satisfying
a b c
arg    .ž /c b a
a b cSince  is the cross ratio of a, b, c, and 0 and the cross ratio isc b a
invariant under Mobius transformations, we obtain¨
a b c f a  f bŽ . Ž .
 
c b a f c  f bŽ . Ž .
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Ž .since f 0  . It follows that
f a  f b a b cŽ . Ž .
arg  arg ž /ž /f c  f b c b aŽ . Ž .
  .
In other words, f satisfies Property C.
Ž .Conversely, suppose that w f z satisfies Property C. Let  be an
Ž .arbitrary real number such that  0, . Let x be an arbitrary point in
1  4 Ž .R. Since x 0 we can write x for some a 0 . Let N x be anra
r circular neighborhood of x. Throughout the proof, let ABC be a triangle
1 1 1 1 'Ž .where A , B , and C , where   3 2 ki,a  y a  y a  	 y 2
1 'Ž .	  3 2 ki, k 0, and y is some nonzero complex number.2
Without loss of generality, we let
3 1 cos Ž .
k .(
1 cos 
Ž . Ž .Since  0, , we have k 0, . For example, if  , then3
A B CŽ .k 1. It follows that arg    . Since R is a nonempty connectedC B A
domain, there exists a nonzero real number s such that s r and if
  Ž . Ž .0 y  s then ABC is contained in N x . Since w f z is univalent inr
1 1 1Ž . Ž . Ž . Ž . Ž . Ž .R, f A  f , f B  f , and f C  f are distinct  y a  y a  	 y
points. By assumption, we have
1 1f  fŽ . Ž .a  y a  y
2.1 arg  Ž . 1 1ž /f  fŽ . Ž .a 	 y a  y
 arg exp iŽ .Ž .
 for all y such that 0 y  s. Since x R is arbitrarily fixed, we can set
1 1f  fŽ . Ž .a  y a  y
2.2 h y  .Ž . Ž . 1 1f  fŽ . Ž .a 	 y a  y
Ž . Ž .By 2.1 and 2.2 , we obtain
2.3 arg h y  arg exp iŽ . Ž . Ž .Ž . Ž .
  Ž .for all y such that 0 y  s. By Riemann’s Theorem, h y will be
analytic at y 0 if we define
2 '3 k  2 3 k iŽ .
2.4 h 0  .Ž . Ž . 23 k
CHARACTERISTICS OF MOBIUS TRANSFORMATIONS¨ 155
Ž .  Hence, h y is analytic in y  s. Furthermore, it is routine to check that
Ž Ž .. Ž . Ž .arg h 0   . By 2.2 and the fact that w f z is univalent in R, we
Ž .   Ž .obtain that h y  0 in y  s. Hence, by 2.3 and Lemma 2.2, we have
2.5 h y  K exp iŽ . Ž . Ž .
  Ž .in y  s, where K is a positive real number. Setting y 0 in 2.5 and
Ž .using 2.4 we obtain
2 '3 k  2 3 k iŽ .
2.6  K exp i .Ž . Ž .23 k
Ž . Ž .By 2.5 and 2.6 , we get
2 '3 k  2 3 k iŽ .
2.7 h y Ž . Ž . 23 k
  Ž . Ž .in y  s. By substituting 2.2 into 2.7 and removing the denominator in
the resulting equality, it follows that
1 1
2.8 f  fŽ . ž / ž /a  y a y
2 '3 k  2 3 k i 1 1Ž .
 f  f2 ž / ž /ž / ž /a 	 y a y3 k
  Ž .in y  s. Differentiating twice both sides of 2.8 with respect to y and
then setting y 0 yields
2 '3k  3 3 k i 1 1Ž .
2.9 2 af   f   0.Ž . 4 ž / ž /ž /ž / a a2 a
Ž .It follows from 2.9 that
1f  2Ž .a 1 1f Ž . Ž .a a
2Ž . Ž .or f  x f  x  . Since x R is arbitrarily fixed, it follows thatx
2Ž . Ž . Ž . Ž .f  z f  z  for all z R. By the Identity Theorem, f  z f  z z
2 Ž . holds for all z such that f  z  0. Therefore, by Lemma 2.1,z
uz Ž . Ž .w f z is a Mobius transformation of the form f z  ,  0. This¨ z
completes the proof.
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Next, we consider the following.
Ž .Property D. Let w f z be analytic and univalent on a nonempty
Ž .domain R. Let  0, . Let a, b, and c be three distinct points in R
satisfying
a b c
arg    .ž /c b a
Then
f a  f b f cŽ . Ž . Ž .
arg    .ž /f c  f b f aŽ . Ž . Ž .
For Mobius transformations satisfying Property D, we have the following¨
result.
Ž .THEOREM 2.4. Let w f z be analytic and unialent on a nonempty
Ž .domain R, where 0 R. Then w f z satisfies Property D if and only if
uzŽ .f z  , where u,  0.z 
Proof. Suppose first that f is a Mobius transformation of the form¨
uz Ž ., u,  0. Note that f 0  0. Let a, b, and c be three distinct pointsz 
in R satisfying
a b c
arg    .ž /c b a
a b cSince  is the cross ratio of a, b, c, and d 0 and the cross ratioc b a
is preserved under the Mobius transformation, we obtain¨
f a  f b f c a b cŽ . Ž . Ž .
  
f c  f b f a c b aŽ . Ž . Ž .
Ž . Ž . Ž .f a  f b f cŽ . Ž .since f 0  0. From this it follows that arg  Ž . Ž . Ž .f c  f b f a
a b cŽ . Ž .arg    , which implies that w f z satisfies Property D.c b a
Ž .Conversely, suppose that w f z satisfies Property D. Let T be a
uz Mobius transformation of the form , where  0. Let g T f. Let¨ z
a b cŽ .a, b, and c be three distinct points in R satisfying arg    . Thenc b a
Ž . Ž . Ž .f a  f b f c a b cŽ .arg    . Since  is the cross ratio of a, b, c, andŽ . Ž . Ž .f c  f b f a c b a
Ž . Ž . Ž .f a  f b f c Ž . Ž . Ž .d 0,  can be considered as the cross ratio of f a , f b , f c ,Ž . Ž . Ž .f c  f b f a
Ž .and f d  0. It follows that
g a  g b f a  f b f cŽ . Ž . Ž . Ž . Ž .
 
g c  g b f c  f b f aŽ . Ž . Ž . Ž . Ž .
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Ž .since g 0  . Thus we obtain
g a  g b f a  f b f cŽ . Ž . Ž . Ž . Ž .
arg  arg    .ž / ž /g c  g b f c  f b f aŽ . Ž . Ž . Ž . Ž .
sz tBy Theorem 2.3, g is a Mobius transformation of the form , where¨ z
t 0. Since g T f , we have f T1 g and we conclude that f is a
UzMobius transformation of the form , U, V 0.¨ z V
a b c  b a  bŽ . ŽIn what follows we shall denote A arg  , B argc b a  b c  b
c b a  b c c  b a a  b c c  b a. Ž . Ž . , C arg    , D arg    , Ea b c  b a a  b c c  b a a  b c
Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž .f a  f b f c f c  f b f a f a  f b f c f c  f b f aŽ . Ž .arg    , F arg    , GŽ . Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž .f c  f b f a f a  f b f c f c  f b f a f a  f b f c
Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž .f a  f b f c  f b f a  f b f c  f bŽ . Ž . arg  , and H arg  . We now stateŽ . Ž . Ž . Ž . Ž . Ž . Ž . Ž .f c  f b f a  f b f c  f b f a  f b
the following.
Ž .Property E. Let w f z be analytic and univalent on a nonempty
domain R. Let  0 or  . Let a, b, and c be three distinct points in R
satisfying A  . Then E  .
Ž .Property F. Let w f z be analytic and univalent on a nonempty
 3domain R. Let  or . Let a, b, and c be three distinct points in R2 2
satisfying B  . Then F  .
Ž .Property G. Let w f z be analytic and univalent on a nonempty
domain R. Let  0 or  . Let a, b, and c be three distinct points in R
satisfying A  . Then G  .
Ž .Property H. Let w f z be analytic and univalent on a nonempty
 3domain R. Let  or . Let a, b, and c be three distinct points in R2 2
satisfying B  . Then H  .
Ž .Property I. Let w f z be analytic and univalent on a nonempty
domain R. Let  0 or  . Let a, b, and c be three distinct points in R
satisfying C  . Then E  .
Ž .Property J. Let w f z be analytic and univalent on a nonempty
 3domain R. Let  or . Let a, b, and c be three distinct points in R2 2
satisfying D  . Then F  .
Ž .Property K. Let w f z be analytic and univalent on a nonempty
domain R. Let  0 or  . Let a, b, and c be three distinct points in R
satisfying C  . Then G  .
Ž .Property L. Let w f z be analytic and univalent on a nonempty
 3domain R. Let  or . Let a, b, and c be three distinct points in R2 2
satisfying D  . Then H  .
The following results give some more characterizations of certain classes
of Mobius transformations where the proof is a slight modification of the¨
 proof of Theorem 2.5 in 5 and will be omitted.
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Ž .THEOREM 2.5. Let w f z be analytic and unialent on a nonempty
Ž . Ždomain R where 0 R. Then w f z satisfies Property E or F or Property
u. Ž . Ž Ž . .G or H if and only if f z  , where u 0 or f z  uz , u 0 .z 
Ž .THEOREM 2.6. Let w f z be analytic and unialent on a nonempty
Ž . Ždomain R where 0 R. Then w f z satisfies Property I or J or Property K
uz uz .. Ž . Ž Ž . .or L if and only if f z  , where u,  0 or f z  ,  0 .z  z
Remark 2. In the results we obtained above, we may replace the use of
argument by using modulus instead; for example, we can modify Property
Ž . Ž . Ž .a b c f a  f b f c a bŽ . Ž .D by replacing arg    and arg    with andŽ . Ž . Ž .c b a f c  f b f a c b
Ž . Ž .f a  f b , respectively. The proof will be almost the same except that weŽ . Ž .f c  f b
will need to use the Maximum Modulus Principle for analytic functions
instead of using Lemma 2.2.
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